By platonism is understood the realistic view, akin to that of Plato himself, that abstract entities exist in their own right, independently of human thinking. According to this view number theory is to be regarded as the description of a realm of objective, self-subsistent mathematical objects that are timeless, non-spatial, and non-mental. Platonism conceives it to be the task of the mathematician to explore this and other realms of being. Among modern philosophers of mathematics Frege is a pre-eminent representative of platonism, distinguished by his penetrating lucidity and his intransigence. (S. 529) 2 Note how the natural numbers are here described as "abstract objects" which are "selfsubsistent", i.e., exist "independently of human thinking"; how a separate "platonic world" inhabited by such objects is conjured up; and how the mathematician is depicted as a "discoverer" or "explorer" of this world. These ingredients, or phrases, are typical for many other, often even shorter, characterizations of platonism.
Usually it is then assumed that such short characterizations describe a definite philos- "metaphysical picture"): the picture of a "platonic world"-or of a "platonic heaven"-parallel to the world of physical objects. Based on this picture, platonism is then often criticized and not seldom quickly dismissed. The main point of criticism, especially in the English speaking literature, is that this view leads to an "access problem"; that is, it is not clear how we can ever gain access to such a platonic world. 3 However, for me a different, more basic question arises: Is this picture really definite enough for a criticism of platonism, or also for a corresponding defense? I don't think so. Rather, it seems to me to be too general, vague, and ambiguous (more on this issue later).
At the same time, it is hard to deny that Frege is a platonist in this general, vague sense. To be sure, he never uses the term "platonism" himself, and he rejects the characterization of the natural numbers as "abstract objects", since he takes the underlying 2 Stephen Barker, "Number", in Encyclopedia of Philosophy, P. Edwards, ed., . Similarly, but less explicitly in Philosophie-Lexikon, A. Hügli & P. Lübcke, eds.: "Systematisch gesehen dient der Ausdruck 'Platonismus' heute zur Bezeichnung von Theorien, die Begriffen, abstrakten Größen und mathematischen Theorien einen selbständigen Status zuschreiben, d.h. sie als unabhängig von unserem Wissen von ihnen betrachten (vgl. Frege, Husserl, Dummett) "; or even shorter in Philosophisches Wörterbuch, W. Brugger, ed.: "Platonismus: In der neueren Zeit wurde von G. Frege, G. Cantor, dem frühen B. Russell, K. Gödel, A. Church, u. a. ein extremer Begriffsrealismus vertreten, der in der Literatur oft den Namen Platonismus erhält." For the most differentiated characterization of "platonism" see the corresponding entry, written by G. Gabriel & T. Rentsch, in Historisches Wörterbuch der Philosophie, ed. by J. Ritter & K. Gründer, Volume 7, 3 See here, e.g., P. Benacerraf, "Mathematical Truth", and P. Kitcher, "The Plight of the Platonist".
notion of "abstraction" to be problematic. But at least from Foundations on he defends the following platonist theses: numbers are independent "logical objects"; as such they are different from numerals and other physical objects, on the one hand, and from mental objects and psychological processes, on the other hand; furthermore, arithmetic is a science in which we refer to such objects with our number words and numerals, in which we ascribe properties to them, and in which we thus make objectively true or false assertions. Finally, in his late article "Thoughts" Frege uses explicitly the term "third realm" for a realm or world of objects, which are neither physical nor mental.
Let me quote a few of the most direct statements Frege makes on this topic. On numbers as logical objects he writes in Foundations:
Yet surely the number one looks like a definite particular object, with properties that can be specified, for example that of remaining unchanged when multiplied by itself? (Introduction, p. II) 4
But, it will perhaps be objected, even if the Earth is really not imaginable, it is at any rate an external thing, occupying a definite place; but where is the number 4? It is neither outside us nor within us. And, taking those words in their spatial sense, that is quite correct. To give spatial co-ordinates for the number 4 makes no sense; but the only conclusion to be drawn from that is, that 4 is not a spatial object, not that it is not an object at all. Not every object has a place. ( §61, p. 72)
On the existence and objectivity of such objects:
For number is no whit more an object of psychology or a product of mental processes than, let us say, the North Sea is. ... (It) is something objective. ( §26, p. 34)
[E]ven the mathematician cannot create things at will, any more than the geographer can; he too can only discover what is there and give it a name. ( §96, pp. 107-8) And finally in "Thoughts":
A third realm must be recognized. Anything belonging to this realm has it in common with ideas that it cannot be perceived by the senses, but has it in common with things that it does not need an owner so as to belong to the contents of his consciousness. The clarification I am interested in has to do with questions about how to understand notions such as "object", "reference", "truth", "objectivity", etc., or better how to explain and relate them to each other. In other words, it has to do with the question of what philosophical role is played by claims such as these: that numbers are "logical objects", that we "refer" to them with our number words, that we make "true and false assertions" about them, etc. My main thesis in this connection is that the platonic picture we encountered above does not determine this role uniquely. Rather, it leaves room for two very different interpretations, thus for two different kinds of platonism. To simplify things let me introduce names for them: I will call them "platonism A" and "platonism B". 9 * First to platonism A: The starting point, or at least the background, for this kind of platonism is a realistic understanding of the physical world, i.e., of the world of objects such as tables, chairs, the Eiffel Tower, the Moon, etc. The platonist picture above is now interpreted as asserting that numbers are objects "in the same sense"-that they exist, are independent, have determinate properties, etc. "in the same sense"-except that they do not inhabit the physical world, nor anyone's mental world, but a separate world of "abstract objects". Such an understanding of the notions of "object", "existence", etc. is the basic ontological aspect of platonism A.
Understood as such individual numbers can now directly be given names: "the number one", "the number two", etc. Similarly we can talk directly about various properties of numbers: about the property "to be even", "to be a prime number", etc. This is the basic semantic aspect of platonism A. Furthermore, on that basis we can then explain the truth (or falsity) and the objectivity of arithmetic statements. For example, the statement "The number four is even" is now objectively true in the sense that the object to which we refer with "the number four" really is even, i.e., does have the property meant by "is even". This explanation of truth and objectivity is the basic metaphysical aspect of platonism A.
Let me make even clearer and more explicit what, for my purposes, is crucial here.
Let's start again with the basic ontological aspect. In platonism A, as I have just described it, the notions of "object", "objective existence", and "determinate property" are presupposed as primitive; they are fundamental or primary notions-notions that are not really explained themselves, but presupposed and used in other explanations. They are introduced, or at least illustrated and motivated, by appealing to physical examples, e.g., the object called "Eiffel Tower", its existence in Paris, its height, weight, etc. Implicitly it is presupposed here that such objects are "independent" and "determinate in themselves" in the sense that their existence and their properties (thus the causal roles they play etc.) do not depend on our existence as observers, our thinking, knowledge, etc.
Put briefly, we start from a notion of "objecthood" that is inspired by the paradigmatic example of physical objects (understood in a realist sense).
As far as the basic semantic aspect of platonism A is concerned, it should be noted, furthermore, that the naming relation, or the notion of "reference", is considered to be primitive as well, or at least to be fundamental for the further explanations given. 10 The notion of truth can then be explained in a substantive way; in particular, truth is explained as correspondence. And this also leads to a corresponding notion of objectivity. Altogether an arithmetic statement is now objectively true or false in the sense that we can "measure" it against an independent, abstract world of numbers-analogously to how we "measure" a physical statement against an independent, realistically understood physical world. 11 Here it is important, to emphasize again, that this is meant to be a substantive explanation of truth and objectivity. The role of such a substantive explanation is to give platonism A philosophical "weight" or "bite". 12
The question platonism A provokes immediately is how we can ever have access to such a world of abstract objects. In the physical case this seems to be relatively unproblematic, since we are in causal contact with the corresponding objects. But the "abstractness" of an object such as the number two implies that we are precisely not in causal contact with it. For the same reason the postulation of a corresponding kind of quasi-visual "perception", as it is sometimes attributed to platonism, is immediately problematic as well. For how is such a perception of abstract objects-a "sixth sense", so 10 In her discussion of an "un-Fregean" kind of platonism in Frege in Perspective Joan Weiner emphasizes this aspect as well; cf. especially chapter V, "Platonism: Fregean and UnFregean".
11 Steve Gerrard emphasizes and discusses this aspect of platonism (and Wittgenstein's corresponding reaction) in "Wittgenstein's Philosophies of Mathematics".
12 Such a platonist explanation in terms of correspondence is also often taken to be an explanation of the truth of logical laws, especially of the law of the excluded middle. Compare here several of the papers in Michael Dummett's Truth and Other Enigmas. to speak-supposed to work if not as a causal contact in the end? That seems completely unclear. The epistemological side of platonism A is, then, really a problem. 13 This problem can perhaps best be dramatized by considering the possibility of a "fundamental mistake". Let us start again with the parallel to the physical world. It is clear that we can be fundamentally mistaken about physical objects. For example, it is possible that much, perhaps everything, we think we know currently about a distant planet can turn out to be false. It is even possible that the postulated planet doesn't exist at all. Similarly a whole physical theory can turn out to be false. The radical possibility opened up by platonism A is now this: The same could be the case for our ordinary arithmetic! That is to say, perhaps there are no natural numbers after all; or perhaps their properties are fundamentally different from what we have assumed so far?-Note that this is possible even if our ordinary arithmetic is consistent.
Hardly anyone assumes, of course, that this is in fact the case. However, the possibility opens up at least in principle, namely because platonism A explains the objective truth of arithmetic statements as correspondence to a completely separate world of abstract objects. Whether such a correspondence holds or not is, thus, conceptually independent from our usual practice of judging and inferring. That is exactly what opens up the possibility of a fundamental mistake: Our arithmetic judgments and inferences can be wholly in order internally-consistent, systematic, etc.-but still wrong in the sense of a missing or at least incomplete correspondence to the postulated world of abstract objects. * Is Frege a representative of platonism A? It may initially appear so, especially if the remarks quoted above are considered in and of themselves. On the other hand we can quickly make a few observations which call such an interpretation into question. Recall once more the three basic aspects of platonism A as just discussed: (i) a certain way of understanding "objecthood", guided by the example of physical objects; (ii) the explanation of truth and objectivity as correspondence, based on such "objecthood" and on a 13 I think that the notions of "object" and "reference" as used in platonism A are also problematic in the end. However, I want to leave the corresponding problems aside here; cf. Tait, "Truth and Proof", and related notion of "reference"; (iii) the resulting problem of access, or the possibility of a "fundamental mistake", even if our normal arithmetic is consistent. With respect to all three aspects Frege's position differs from platonism A, as I will now show.
Let us start with the problem of access, understood in the sense above. A first, somewhat indirect observation here is that Frege seems to have no sense for this problem-no corresponding doubt plays any role in his writings. Moreover, he also doesn't postulate any kind of quasi-visual perception of logical objects, i.e., a kind of "sixth sense". He is even directly opposed to a corresponding point of view, as the following passage from
Foundations shows:
In arithmetic we are not concerned with objects which we come to know as something alien from without through the medium of the senses, but with objects given directly to our reason and, as its nearest kin, utterly transparent to it. ( §105, p. 115)
The reference to "reason" in this passage is, no doubt, in need of clarification. The passage makes clear, though, that for Frege the access to logical objects, in particular to numbers, does not consist of a perception analogous to using our normal five senses. In the last respect it consists, instead, of the thinking of corresponding thoughts-or better:
of the corresponding judgments and inferences, as well as of our logical reflection on these judgments and inferences. 14 That is, in any case, exactly what Frege does: to reflect on our normal arithmetic judging and inferring, and to reconstruct it logically (more on that later).
As far as the possibility of a fundamental mistake is concerned, there is, indeed, one danger explicitly recognized by Frege for his logical reconstruction of arithmetic (a danger that will eventually make him give up this reconstruction): its inconsistency.
Note, however, that this has to do with an "internal" problem for this reconstruction, not with a missing "external" correspondence to a platonist world, in the sense of platonism A. On the other hand, Frege is not only concerned about the inner consistency of his new system. He also wants to provide our ordinary arithmetic judgments and inferences with a new foundation, i.e., Frege's approach is meant to lead to a recovery of normal Reck, "Frege's Influence on Wittgenstein", in this connection.
14 Thus for Frege the access to logical objects does not consist of a kind of "knowledge of" ("knowledge by acquaintance"), as the perception of physical objects by means of our usual five senses is often understood, but of a kind of "knowledge that". Frege's platonism differs in this respect strongly from the platonism of the early Russell.
arithmetic judgments such as "2 + 2 = 4". Then again, that involves, once more, only "inner"-systematic, logical-issues.
But does Frege not explicitly recognize the objective truth or falsity of arithmetic judgments? And does that not inevitably lead, explicitly or implicitly, to an explanation of such objective truth in the sense of platonism A? In response to that question two points can be made: First, Frege rejects repeatedly-in its most extended form in the late article "Thoughts", but also already earlier-not only a correspondence explanation of truth, but any explanation of truth at all. 15 Put briefly, for him the truth (or falsity) of our judgments, especially our logical judgments, is fundamental and not further reducible.
But that contradicts, then, a main aspect of platonism A. My definition (of number) lifts the matter onto a new plane; it is no longer a question of what is subjectively possible but of what is objectively definite. For in literal fact, that one proposition follows from certain others is something objective, something independent of the laws that govern the movements of our attention, and something to which it is immaterial whether we actually draw the conclusion or not. ( §80, p. 93) Crucial for my purposes is that Frege, in passages such as these, connects the notion of objectivity with the possibility of judging, inferring, etc., and not with the external correspondence to an independent platonist world. 16 15 As Frege argues, any such explanation of the notion of truth already presupposes that notion and is thus circular. See here especially "Thoughts", pp. 352-53; compare also Thomas Ricketts' interpretation of the corresponding "regress argument" in "Objectivity and Objecthood" and "Logic and Truth in Frege'. 16 Compare, however (as Marco Ruffino has reminded me), the conflicting interpretation of Frege's remarks on "reason" in Tyler Burge, "Frege on Knowing the Third Realm". My goal in this part of the article is not to refute interpretations such as Burge's conclusively, but only to motivate the search for an alternative, one I will sketch further below.
Finally, what about the "objecthood" of numbers? Are Frege's views in that connection not a clear reason to regard him as a representative of platonism A? Here, too, there are some passages that should give us pause immediately, e.g., the following remark by Frege on the "self-subsistence" of numbers:
The self-subsistence which I am claiming for number is not to be taken to mean that a number word signifies something when removed from the context of a proposition, but only to preclude the use of such words as predicates or attributes, which appreciably alters their meaning. ( §60, p. 72) For Frege it is, thus, important how number words are used "in the context of a proposition", namely as object words, not as "predicates" or "attributes". That is what the "selfsubsistence", and more generally the "objecthood", of numbers involves, not a direct comparison to the way in which physical objects exists.
The observations I have made so far could be extended further. In particular, one could say much more about the way in which Frege connects the notions of "reference", "truth", and our usual practice of judging and inferring conceptually. His corresponding approach is in general very different from platonism A, in many respects even contrary to it. 17 Also, his notion of "object", as well as the correlative notion of "concept", is more general than, and understood differently from, the corresponding notions in platonism A.
For Frege these are primarily logical, not naively ontological notions. 18 But considerations such as these will only be convincing in the end if we reinterpret On the one hand he examines our normal arithmetic judgments and inferences informally concerning the issue of which content and which inferential structure they have. This provides him with the "raw material" for his further steps. On the other hand he develops a systematic reconstruction of this raw material within the framework of his new logical system.
As far as Frege's informal analysis of our normal arithmetic judgments and inferences is concerned, the results most important for my purposes can be summarized briefly as follows: First, we misunderstand these judgments and inferences if we interpret them in a formalist, empiricist, or psychologistic manner, as some of Frege's contemporaries do.
In other words, a statement like "2 + 2 = 4"-understood as part of our system of arithmetic judgments and inferences-does not have to do, either with respect to its content or with respect to its justification, with the properties of numerals, with empirical observations and experiments, or with mental objects and psychological processes.
Instead all such numerical statements have to do with concepts, as well as with the logical consequences which result from that connection to concepts. This is the core of Frege's logicism.
The objectivity of arithmetic statements is, thus, intimately connected with the objectivity of judgments and inferences concerning concepts, in particular logical concepts.
But that means that it is based on the objectivity of logical judgments and inferences. It is in this sense that Frege writes (as already quoted above):
My definition (of number) lifts the matter onto a new plane; it is no longer a question of what is subjectively possible but of what is objectively definite. For in literal fact, that one proposition follows from certain others is something objective, something independent of the laws that govern the movements of our attention, and something to which it is immaterial whether we actually draw the conclusion or not. (FA, §80, p. 93) Crucial for my alternative interpretation is now the following thesis: In the end Frege starts directly from the objectivity of our logical judgments and inferences. That is to say, their objectivity is a basic assumption; it is fixed and not further reducible. All other explanations already presuppose and build on it, not the other way around (as in platonism A). This is the basis for Frege's platonism.
A more fine grained analysis of our arithmetic judgments and inferences leads Frege to two additional results: First, all numerical statements don't just have to do with concepts in general, rather the relation of 1-1 mappability of two concepts, or better of their corresponding extensions, onto each other is crucial. Second, numerical statements can always be analyzed in such a way that they contain number words or numerals as playing the role of objects names; e.g., the statement "Jupiter has four moons" can be analyzed as "The number of moons of Jupiter = 4". What that means is that number words and numerals play a certain logical role.
This brings us to Frege's logic, i.e., the new system he presents for the first time in
Begriffsschrift, presupposes implicitly in Foundations, and develops further, as well as applies explicitly to arithmetic, in Basic Laws. Fundamental for this logic is the distinction between function and argument and, building on it, the distinction between function and concept names, on the one hand, and object names, on the other. This distinction replaces the earlier Aristotelian distinction between subject and predicate. In the end Frege's new distinction has to do with insights into how our entire informal system of judgments and inferences, in all the sciences together, can be analyzed. Frege assumes that he has found the best-or even the only correct-logical analysis for it.
If we apply Frege's logic to judgments and inferences concerning physical objects, we can see that expressions such as "the Eiffel Tower" or "the Moon" function in them as object names-in Frege's logical sense. Insofar as this is the case, the naive ontological notion of object from above matches Frege's logical notion of object. But Frege's notion is broader, and it has a different basis. When applied to arithmetic judgments and inferences, in particular, we can see that expressions such as "the number four" also play, logically speaking, the role of object names, not that of function or concept names. That is the background not only for Frege's remarks about the self-subsistence of numbers quoted above, but also for his more general thesis that numbers are objects.
In itself this is not yet sufficient, however, to be able to speak of numbers as objectively existing, logical objects. Two things have to be added: first, it has to be determined that all statements in which the corresponding expressions occur are objectively true or false; second, it has to be clarified what this truth or falsity is based on, namely purely logical foundations. Now, both of these things together are exactly what Frege's logical reconstruction of arithmetic is supposed to accomplish. Its explicit goal is to reduce all arithmetic judgments to basic logical laws and definitions, thus providing a foundation for their objective truth or falsity, among others. If this goal can be achieved, then Frege has, in the terminology of Foundations, given all arithmetic statements "sense" (and thus, in the more refined terminology of Basic Laws: "sense" and "reference"). 19 At the same time, for Frege this is also exactly what gives us "access" to the natural numbers and their properties. It is in this sense that he writes in Foundations:
How, then, are numbers to be given to us, if we cannot have any ideas or intuitions of them? Since it is only in the context of a proposition that words have any meaning, our problem becomes this: To define the sense of a proposition in which a number word occurs. (FA, §62, p. 73) Similarly a little later:
Now for every object there is one type of propositions which must have a sense, namely the recognition-statements, which in the case of numbers is called an identity. ( 19 In Foundations Frege has not yet distinguished clearly between "sense" and the "reference". But the interpretation just given can, as indicated in the text, easily be translated into the later terminology. More generally, I don't think that with respect to the issues crucial for me-especially with respect to Frege's general approach-there is an important difference between Foundations and Basic Laws. 20 It is important here to conceive of Frege's system in such a way that contents are expressed in it. In particular, Frege assumes that the logical laws with which he starts do have a definite content (in the end: "sense" and "reference"). Thus they are not part of an object language to be understood in a purely formalist way, i.e., as being provided with "content" after the fact via various interpretations. Compare here Ricketts' "Objectivity and Objecthood: Frege's Metaphysics of Judgment" and Goldfarb's "Frege's Conception of Logic".
The answer to the latter question is, in Foundations (somewhat vaguely and imprecisely) as well as in Basic Laws (more definitely and explicitly): extensions are logical objects. And what does that mean? According to my interpretation, now applied to extensions of concept, this: the names with which we refer to extensions play the logical role of object names, not the role of function or concept names; as such they are used in judgments and inferences that are objectively true or false, valid or invalid; and all these judgments and inferences are based, fundamentally, on assumptions that have a purely logical nature. (The first two points make extensions into self-subsisting, objectively existing objects; the third point makes them into logical objects.) Finally, in the background we have again the assumption: the objectivity of the basic logical laws on which the whole system is founded is a fundamental given. This is what Frege's platonism concerning extensions, thus also concerning numbers, amounts to in the end. * So far I have taken a new look at Frege's platonism within the context of his general approach and starting from a few important quotations. The kind of platonism we arrived at this way-platonism B, in contrast to platonism A-can also be described more directly. I want to add such a description now.
The main difference between platonism B and platonism A consists in the fact that in platonism B we don't simply start with the postulation of a world of abstract objects in analogy to the world of physical objects in the former. Rather, we start from a consideration of the corresponding judgments and inferences, here arithmetic judgments and inferences. We then analyze, or reconstruct, the whole system of these judgments and inferences in such a way that the following becomes clear: the judgments are determined, in an objective way, with respect to their truth values, the inferences with respect to their validity; this is done in such a way that the whole system is based, in the end, only on fundamental logical assumptions, not on empirical or other assumptions; and it is done in such a way that the expressions used to refer to numbers systematically play the role of object names, not that of function or concept names. If all of this is the case, then what is determined is not only the logical category of numbers as objects, but also -15 -everything that holds with respect to them; and it is determined objectively, in the sense that it is based completely on basic logical laws.
The fundamental idea behind such a view is the following: What counts with respect to "abstract" objects such as the natural numbers is, basically, which corresponding judgments and inferences are true or valid, respectively. If that is fixed in an objective wayand so that all the usual arithmetic truths such as "2 + 2 = 4" follow-then numbers are determined in themselves. If it is fixed so that number words play the logical role of object names, then numbers are self-subsistent objects. And if it is fixed purely logically, then they are logical objects. What is crucial for the "objecthood" of numbers is, thus, their objective determinateness as objects via basic logical laws. One can even say that that is all their "objecthood" amounts to.
At this point the following objection may suggest itself: Is this really a kind of platonism? Isn't it rather a refined kind of formalism, fictionalism, or linguistic idealism?
Two things can be said in response: First, for a representative of platonism A-Frege as I interpret him-arithmetic judgments and inferences are still objectively true or false, valid or invalid. This is based on the fact that the basic logical laws from which we start are considered to be objectively true or valid, respectively. These logical laws are thus not just empty formulas or merely fictional, linguistic conventions. Second, if the existence of logical objects, in particular numbers, can be derived from these basic logical laws-that is, if the corresponding existentially quantified propositions turn out to be objectively true-that means that numbers exist (also that we can refer to them, can make true or false statements about them, etc.). Crucial here is that "existence"-similarly to "objecthood" above-is now understood in terms of the objective determinateness of the corresponding judgments, especially existentially quantified judgments.
Does that mean that, along these lines, numbers are objects "in the same sense" as physical objects? Yes and No. Yes insofar as the "objecthood" of the Eiffel Tower or of the Earth can also be understood in terms of the determinateness of the corresponding judgments and inferences. No insofar as the Eiffel Tower and the Earth are in addition, to use Frege's terminology, "actual" objects; i.e., they can be located in space and time, they stand in causal relation to other physical objects and corresponding processes, etc.
The latter does not hold for logical objects, as Frege emphasizes. Once more, in platonism B we work with a general logical (not a naive ontological) notion of object, one under which logical as well as physical objects fall, as two special cases. From this point of view the essential difference between the two cases consists of the difference between what the determinateness of the corresponding judgments and inferences is based on. 21 To repeat, the basic idea in platonism B is the objective determinateness of numbers as logical objects (in Frege's sense). Let me add two more remarks to round off my discussion of such an approach. The first concerns the question of consistency. It should be pretty clear that "objective determinateness" includes here the consistency of the system of corresponding judgments and inferences-since their inconsistency would imply that all judgments are both true and false, so exactly not determinate as the one or the other. This explains, among others, why consistency is so important for Frege.
Second, the way in which numbers are understood to be logical objects in platonism B is not necessarily connected with Frege's specific reduction of numbers to extensions of concepts. His reduction is, rather, just one of potentially many ways in which arithmetic judgments and inferences can be determinate with respect to their truth value and validity. At the same time, Frege himself considered his reduction apparently to be the best and the "right" one-at least until Russell informed him of the inconsistency of his system. * Let me come to a close. My goal in this paper was to argue for two main theses: First, there is not just one way to understand "platonist" statement of the kind mentioned initially, including the statement that numbers are abstract or, better, logical objects.
Insofar as this is the case, the naive metaphysical picture of a separate "platonist heaven" in which such objects exist is vague and ambiguous. One can interpret it in the sense of platonism A, i.e., starting with the analogy to the physical world, a corresponding notion of "objecthood", and the explanation of truth and objectivity as correspondence. Or one 21 Frege's third case (in his way of counting the second) of psychological or mental "objects" is different insofar as in this case we are only dealing with subjective determinateness. More generally, the corresponding three ways of being determinate-objective-empirical (especially spatio-temporal and causal), objective-logical, and subjective-are, in the end, what underlies Frege's talk of "three realms". can understand it in the sense of platonism B, i.e., in terms of a logical notion of "objecthood", a corresponding analysis of the relevant judgments and inferences with respect to their determinateness, and starting with the objectivity of the corresponding logical laws. These amount to two very different positions, it seems to me. 22 Second, Frege' It is certainly not easy, in some respects perhaps impossible, to find really satisfying answers to these questions. Nevertheless, they seem to me to be worth investigating further-both as far as a better understanding of Frege is concerned and as far as the philosophy of mathematics more generally is concerned.
